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Stability Analysis of the Observer Error of an In-Domain Actuated
Vibrating String*
Tobias Malzer1, Hubert Rams2, Bernd Kolar1 and Markus Scho¨berl1
Abstract—In this paper, the behaviour of the observer error
of an in-domain actuated vibrating string, where the observer
system has been designed based on energy considerations
exploiting a port-Hamiltonian system representation for infinite-
dimensional systems, is analysed. Thus, the observer-error
dynamics are reformulated as an abstract Cauchy problem,
which enables to draw conclusions regarding the well-posedness
of the observer-error system. Furthermore, we show that the
observer error is asymptotically stable by applying LaSalle’s
invariance principle for infinite-dimensional systems.
I. INTRODUCTION
A very popular research discipline in control theory is the
extension of control methodologies originally developed for
systems that are described by ordinary differential equations
(ODEs) to systems governed by partial differential equations
(PDEs); however, with regard to stability investigations this
extension is accompanied by a significant rise of complexity,
see e.g. [1] for a comprehensive framework for the stability
analysis of infinite-dimensional systems. Therefore, a lot
of research effort has been invested in this topic, where
for example the stability analysis of mechanical systems
with certain boundary conditions has been addressed. For
instance, in [2] the stability of an Euler-Bernoulli beam
subjected to nonlinear damping and a nonlinear spring at the
tip is analysed, whereas [3] is concerned with the stability
behaviour of a gantry crane with heavy chain and payload.
Furthermore, the proof of stability of a Lyapunov-based
control law as well as a Lyapunov-based observer design
for an in-domain actuated Euler-Bernoulli beam has been
presented in [4].
A well-known methodology, that has also been extended
to the infinite-dimensional scenario, is the combination of
the port-Hamiltonian (pH) system representation with energy-
based control. In this regard, in particular a pH-system
representation based on an underlying jet-bundle structure,
see e.g. [5], [6], [7], as well as a formulation exploiting
Stokes-Dirac structures, see e.g. [8], [9], have turned out
to be especially suitable. For a detailed comparison of these
approaches, where the main difference is the choice of the
variables, the interested reader is referred to [10] or [11].
In fact, with respect to boundary-control systems, a lot of
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literature is available, see e.g. [12], [13] and [14], [15],
where boundary controllers based on the well-known energy-
Casimir method are designed within the jet-bundle and the
Stokes-Dirac approach, respectively. Moreover, recently the
pH-system description has also been exploited with regard
to the observer design, see e.g. [16], where a pH-based
observer-design procedure for boundary-control systems has
been developed within the Stokes-Dirac scenario. In light of
the observer design, of course stability investigations play
an important role, since it must be ensured that the observer
error tends to zero.
In [11], a control-design procedure based on the energy-
Casimir method together with an observer design exploiting
the pH-system representation has been presented within the
jet-bundle framework as well as within the Stokes-Dirac
scenario for infinite-dimensional systems with in-domain
actuation. Furthermore, the design procedures have been
demonstrated and compared by means of an in-domain ac-
tuated vibrating string; however, the investigation regarding
the asymptotic stability of the observer error – which is of
course essential – has only been sketched. Therefore, the
aim of this paper is to carry out the stability investigation
of the observer error of this system in detail. To this end,
first of all, in Section II we summarise the observer design
that exploits the pH-system representation based on a jet-
bundle structure, while in Section III the observer design is
explicitly demonstrated for an in-domain actuated vibrating
string. Thus, the main contribution of this paper is to verify
the asymptotic stability of the observer error, where i) it is
necessary to investigate the well-posedness, see Subsection
IV-A, and ii) to apply LaSalle’s invariance principle for
infinite-dimensional systems, see Subsection IV-B.
II. OBSERVER DESIGN BASED ON A PORT-HAMILTONIAN
FRAMEWORK
With respect to the observer design, see [11, Sec. V],
we intend to exploit a pH-system description for infinite-
dimensional systems with 1-dimensional spatial domain,
which is equipped with the spatial coordinate z ∈ [0, L]. The
system representation is based on an underlying jet-bundle
structure, and therefore, first of all we introduce the bundle
π : E → B, where the total manifold E is equipped with
the coordinates (z, xα), with xα, α = 1, . . . , n, denoting the
dependent variables, while the base manifold B possesses
the independent (spatial) coordinate (z) solely. Next, we
consider the so-called vertical tangent bundle νE : V(E) →
E , equipped with the coordinates (z, xα, x˙α), which is a
subbundle of the tangent bundle τE : T (E) → E , possessing
the coordinates (z, xα, z˙, x˙α) together with the fibre bases
∂z = ∂/∂z and ∂α = ∂/∂x
α. Thus, a vertical vector field
v = E → V(E), in local coordinates given as v = vα∂α with
vα ∈ C∞(E), i.e. vα is a smooth function on E , is defined as
a section. A further important differential-geometric object is
the so-called co-tangent bundle τ∗E : T
∗(E) → E , possessing
the coordinates (z, xα, z˙, x˙α) together with the fibre bases
dz and dxα, which allows to introduce a one-form w :
E → T ∗(E) as a section that can locally be given as
w = w˘dz + wαdx
α with w˘, wα ∈ C
∞(E). With respect to
the pH-system representation, we are interested in densities
H = Hdz with H ∈ C∞(J 1(E)), where these densities can
be formed by sections of certain pullback bundles, whose
use is omitted here for ease of presentation. That is, H is
a smooth function on the first jet manifold J 1(E), which
is equipped with the coordinates (z, xα, xαz ), where the 1st-
order jet variable xαz corresponds to the derivative of x
α
with respect to z. Moreover, the first prolongation of a
vertical vector field reads as j1(v) = vα∂α + dz(v
α)∂zα,
with ∂zα = ∂/∂x
α
z , where we exploit the total derivative
dz = ∂z + x
α
z ∂α + x
α
zz∂
z
α + . . ..
Having discussed this essential preliminaries, we are able
to introduce the pH-system representation including inputs
and outputs on the spatial domain as
x˙ = (J −R)(δH) + u⌋G , (1a)
y = G∗⌋δH , (1b)
see e.g. [5], [17], [18], where ⌋ denotes the so-called Hook
operator allowing for the natural contraction between tensor
fields. In (1), the variational derivative δH = δαHdx
α ∧
dz, with ∧ denoting the exterior (wedge) product, locally
reads as δαH = ∂αH − dz(∂
z
αH). Furthermore, the linear
operators J ,R : T ∗(E) ∧ T ∗(B) → V(E) describe the
internal power flow and the dissipation effects of the system,
respectively. The coefficients J αβ of the interconnection
tensor J meet J αβ = −J βα ∈ C∞(J 2(E)), while we
have Rαβ = Rβα ∈ C∞(J 2(E)) and [Rαβ ] ≥ 0 for the
coefficient matrix of the symmetric and positive semi-definite
dissipation mapping R. With respect to the dual input and
output bundles ρ : U → J 2(E) and ̺ : Y → J 2(E), we
have the input map and its adjoint output map G : U → V(E)
and G∗ : T ∗(E) ∧ T ∗(B) → Y , respectively, and thus, the
relation (u⌋G)⌋δH = u⌋(G∗⌋δH) = u⌋y holds, see [5, Sec.
4] or [17, Sec. 3]. To be able to determine the formal change
of the Hamiltonian functional H =
∫ L
0
Hdz along solutions
of (1a), we make use of the Lie-derivative Lj1(v), where we
set v = x˙ with (1a), see [12, Sec. IV-A], and thus, we obtain
˙H = −
∫ L
0
R(δH)⌋δH+
∫ L
0
u⌋y + (x˙⌋δ∂H)
∣∣L
0
(2)
by means of integration by parts and Stoke’s theorem. If
H corresponds to the total energy of the system, then (2)
states a power-balance relation, where the first expression
describes the energy that is dissipated for example due to
damping effects. Moreover, the expression
∫ L
0
u⌋y denotes
a collocation term distributed over (a part of) the spatial
domain. The last term corresponds to collocation restricted
to the boundary, which is indicated by (·)|L0 , where the
boundary operator locally reads as δ∂αH = ∂
z
αH. Note that
here we consider systems with trivial boundary conditions,
implying that the boundary ports (x˙αδ∂αH)|
L
0 vanish.
Next, the intention is to exploit the pH-formulation with
respect to the observer design. In particular, the copy of the
plant (1a) is extended by an error-injection term, and thus, by
means of the observer-energy density Hˆ, the observer system
is locally given by
˙ˆxαˆ = (J αˆβˆ −Rαˆβˆ)δβˆHˆ+ G
αˆ
ξ u
ξ +Kαˆη u
η
o , (3a)
yˆξ = G
αˆ
ξ δαˆHˆ , (3b)
with αˆ, βˆ = 1, . . . , n and ξ, η = 1, . . . ,m, where we
use Einstein’s convention on sums. In (3a), we have the
additional input uηo = δ
ηξ(y¯ξ − ˆ¯yξ) – with the Kronecker-
Delta symbol meeting δξη = 1 for ξ = η and δξη = 0
for ξ 6= η –, where y¯ξ corresponds to the integrated output
density of the plant according to y¯ξ =
∫ L
0 yξdz, which is
assumed to be available as measurement quantity, while ˆ¯yξ
represents the copy of the integrated plant-output according
to ˆ¯yξ =
∫ L
0 yˆξdz with (3b). The aim is to design the observer
gain Kαˆη such that the observer error x˜ = x − xˆ tends to
0, where it is beneficial to reformulate the observer-error
dynamics ˙˜x = x˙− ˙ˆx as pH-system according to
˙˜xα˜ = (J α˜β˜ −Rα˜β˜)δβ˜H˜ − K
α˜
ξ u
ξ
o , (4a)
y˜ξ = −K
α˜
ξ δα˜H˜ . (4b)
with (4b) denoting the collocated output density. If we
investigate the formal change of the error-Hamiltonian H˜ =∫ L
0
H˜dz, which follows to
˙˜
H = −
∫ L
0
δα˜(H˜)R
α˜β˜δβ˜(H˜)dz + . . .
−
∫ L
0
δα˜(H˜)K
α˜
ξ δ
ξη(y¯η − ˆ¯yη)dz ,
we find that by means of a proper choice for the components
Kαˆξ we are able to render
˙˜
H ≤ 0 . Hence, the total energy
of the observer error H˜ is an appropriate candidate for
a Lyapunov functional and therefore serves as basis with
respect to the stability analysis. Next, the observer-design
procedure is demonstrated by an example.
III. OBSERVER DESIGN FOR AN IN-DOMAIN ACTUATED
VIBRATING STRING
In this chapter, we design an infinite-dimensional observer
for an in-domain actuated vibrating string by exploiting
energy considerations. The governing equation of motion of
the system under consideration reads as
ρ
∂2w
∂t2
= T
∂2w
∂z2
+ f(z, t) , (5a)
where w describes the vertical deflection of the string, ρ
the mass density and T Young’s modulus. Regarding the
boundary conditions, we have that the string is clamped at
z = 0 and free at z = L, i.e.
w(0, t) = 0 , T
∂w
∂z
(L, t) = 0 . (5b)
In (5a), the distributed force f(z, t) = g(z)u(t) is generated
by an actuator behaving like a piezoelectric patch, where
the applied voltage u(t) serves as manipulated variable. The
spatially dependent function g(z) = h(z − Lp1) − h(z −
Lp2), where h(·) denotes the Heaviside function, describes
the placement of the actuator between z = Lp1 and z = Lp2 .
In fact, the force-distribution on the domain Lp1 ≤ z ≤ Lp2
is supposed to be constant and is scaled by u(t).
First, the intention is to find a pH-system representation
that can be exploited for the observer design. To this end,
we introduce the underlying bundle structure based on π :
(z, w, p) → (z) together with the generalised momenta p =
ρw˙, and thus, (5a) can be rewritten as
p˙ = Twzz + g(z)u . (6)
If we use the Hamiltonian density H = 12ρp
2 + 12T (wz)
2 ∈
J 1(E), we obtain the appropriate pH-system formulation[
w˙
p˙
]
=
[
0 1
−1 0
] [
δwH
δpH
]
+
[
0
g(z)
]
u , (7a)
y =
[
0 g(z)
] [ δwH
δpH
]
= g(z)
p
ρ
. (7b)
By taking the boundary conditions (5b) into account, one
finds that the formal change of the Hamiltonian functional
H follows to ˙H =
∫ L
0
g(z)pρudz, i.e. we have a distributed
port that can be used for control purposes. In fact, for the
system under consideration, in [11] a dynamic controller
based on the energy-Casimir method has been designed.
However, with regard to this control methodology, it should
be mentioned that it yields unsatisfactory results for uncer-
tain initial conditions, see e.g. [19] where this problem is
briefly discussed for a boundary-control system. Therefore,
in the following we intend to design an infinite-dimensional
observer in order to overcome this obstacle.
Concerning the observer design, it is assumed that the
spatial integration of the distributed output density (7b)
according to y¯ =
∫ L
0
g(z)pρdz, which can be interpreted as
the current through the actuator, is available as measurement
quantity. Thus, if we use the observer density Hˆ = 12ρ pˆ
2 +
1
2T (wˆz)
2 and the copy of the plant output according to
ˆ¯y =
∫ L
0
g(z) pˆρdz, we are able to introduce an observer for
the in-domain actuated vibrating string in the form[
˙ˆw
˙ˆp
]
=
[
0 1
−1 0
][
δwˆHˆ
δpˆHˆ
]
+
[
0
g(z)
]
u+
[
k1
k2
]
(y¯ − ˆ¯y),
where the governing equations are restricted to the boundary
conditions wˆ(0) = 0 and T wˆz(L) = 0. Next, by means of
the error coordinates w˜ = w − wˆ, p˜ = p − pˆ, the observer-
error dynamics can be deduced to
˙˜w = w˙ − ˙ˆw =
1
ρ
p˜− k1(y¯ − ˆ¯y) , (8a)
˙˜p = p˙− ˙ˆp = T w˜zz − k2(y¯ − ˆ¯y) , (8b)
where the boundary conditions
w˜(0) = 0 , T w˜z(L) = 0 (8c)
hold. With respect to the determination of k1 and k2, it is
beneficial to reformulate (8a) and (8b) as the pH-system[
˙˜w
˙˜p
]
=
[
0 1
−1 0
][
δw˜H˜
δp˜H˜
]
−
[
k1
k2
]
(y¯ − ˆ¯y), (9a)
y˜=−
[
k1 k2
][ δw˜H˜
δp˜H˜
]
=k1T w˜zz−k2
p˜
ρ
, (9b)
where the energy density of the observer error reads as
H˜ = 12ρ p˜
2 + 12T (w˜z)
2 and (9b) states the corresponding
output density. If we investigate the formal change of the
error-Hamiltonian functional H˜ , which can be deduced to
˙˜
H =
∫ L
0
(T w˜zzk1(y¯ − ˆ¯y)−
p˜
ρ
k2(y¯ − ˆ¯y))dz , (10)
and take into account that (y¯ − ˆ¯y) =
∫ L
0 g(z)
1
ρ p˜dz, we find
that the choice k1 = 0 and k2 = kg(z) with k > 0, yields
˙˜
H (w˜, p˜) = −k(y¯ − ˆ¯y)2 ≤ 0 . (11)
However, the fact that H˜ > 0 and
˙˜
H ≤ 0 hold is not
sufficient for the convergence of the observer, and therefore,
in the following, detailed stability investigations are carried
out to verify that the observer error is asymptotically stable.
IV. OBSERVER CONVERGENCE
In this section, based on functional analysis the conver-
gence of the observer error is proven in two steps. First,
we address the well-posedness of the observer-error system
making heavy use of the well-known Lumer-Phillips theorem,
see e.g. [20]. Afterwards, LaSalle’s invariance principle for
infinite-dimensional systems is applied to show the asymp-
totic stability of the observer error, where beforehand it
is necessary to verify the precompactness of the solution
trajectories.
A. Well-posedness of the Observer-Error System
Now, a careful investigation of the well-posedness of
the observer-error system is carried out. To this end, we
reformulate (8) as an abstract Cauchy problem and show that
the operator under consideration generates a C0-semigroup
of contractions.
First, we define the state vector χ =
[
χ1, χ2
]T
= [w˜, p˜]
T
together with the state space X = H1C(0, L) × L
2(0, L),
where H1C(0, L) = {χ
1 ∈ H1(0, L)|χ1(0) = 0}, with
H l(0, L) denoting a Sobolev space of functions whose
derivatives up to order l are square integrable, see [21] for a
detailed introduction of Sobolev spaces. Thus, the state space
X is equipped with the standard norm
‖χ‖
2
n = 〈w˜, w˜〉L2 + 〈w˜z, w˜z〉L2 + 〈p˜, p˜〉L2 . (12)
Next, to be able to rewrite the observer-error dynamics as
an abstract Cauchy problem of the form χ˙(t) = Aχ(t) with
χ(0) = χ0, we introduce the linear operator A : D(A) ⊂
X → X according to
A :
[
w˜
p˜
]
→
[
1
ρ p˜
T w˜zz − kg(z)
∫ L
0
g(z) 1ρ p˜dz
]
,
where the (dense) domain of A is defined as
D(A) := {χ ∈ X|w˜ ∈ (H2(0, L) ∩H1C(0, L)),
p˜ ∈ H1C(0, L), T w˜z(L) = 0} . (13)
Thus, the intention is to investigate the operator A regarding
some properties such that a variant of the well-known Lumer-
Phillips theorem [20, Thm. 1.2.4] can be applied. With
respect to this forthcoming investigations, it is beneficial to
introduce
‖χ‖2X = T 〈w˜z, w˜z〉L2 +
1
ρ
〈p˜, p˜〉L2 , (14)
which is called energy norm due to the equivalence H˜ =
1
2 ‖χ‖
2
X . Because w˜(0) = 0 and further w˜(z) =
∫ z
0 w˜zdy1
holds, we find constants c1, c2, which have to meet 0 <
c1 ≤ min
(
T
L+1 ,
1
ρ
)
and c2 ≥ max
(
T, 1ρ
)
> 0, such that
c1 ‖χ‖
2
n ≤ ‖χ‖
2
X ≤ c2 ‖χ‖
2
n is fulfilled, and hence, the
energy norm (14) is equivalent to the standard norm (12).
Similar to the proof of Lemma 2.2 in [3], where they exploit
the dense inclusion H2(0, L) ⊂ H1(0, L) and modify the
boundary values of w˜ and its derivatives in a proper manner,
it can be shown that the domain D(A) given in (13) is dense
in X . Thus, according to [20, Def. 1.1.1], – since we have
the equivalence H˜ = 12 ‖χ‖
2
X – the relation (11) implies
that A is dissipative.
In the following, we show that the inverse operator A−1
exists and is bounded, i.e. for every χ¯ = [f, h]T ∈ X and
χ = [w˜, p˜]
T
∈ D(A), we can uniquely solve
A
[
w˜
p˜
]
=
[
1
ρ p˜
T w˜zz − kg(z)
∫ L
0
g(z) 1ρ p˜dz
]
=
[
f
h
]
,
(15)
and prove that A−1 maps bounded sets in X into bounded
sets in K := (H2(0, L) ∩H1C(0, L)) ×H
1
C(0, L). From the
1st line of (15) it follows that p˜ = ρf ∈ H1C(0, L). Moreover,
an integration of the 2nd line of (15) yields
w˜z(z) = −
1
T
(
∫ L
z
h(y2)dy2 + . . .
+
∫ L
z
kg(y2)
∫ L
0
g(y1)f(y1)dy1dy2) (16)
as w˜z(L) = 0 holds. If we further integrate (16), we obtain
w˜(z) = −
1
T
(
∫ z
0
∫ L
y3
h(y2)dy2dy3 + . . .
+
∫ z
0
∫ L
y3
kg(y2)
∫ L
0
g(y1)f(y1)dy1dy2dy3) (17)
as w˜(0) = 0, and thus, w˜(z) is uniquely defined by χ¯.
Since we have shown that the inverse operator A−1 exists,
it remains to investigate the boundedness. To this end, it
is verified that the norm of χ = A−1χ¯ in K is bounded
by ‖χ¯‖X . First, we state an inequality that is often used
in the sequel; in fact, for a – basically arbitrary – function
f , by means of the Cauchy-Schwarz inequality we find the
important relation
(
∫ L
0
fdz)2 ≤ C
∫ L
0
|f |
2
dz , (18)
where it should be mentioned that here and in the following
C denotes positive, not necessarily equal constants. Next,
we investigate the norm ‖w˜z‖L2 . Therefore, we substitute
(16) in ‖w˜z‖L2 = (
∫ L
0
|w˜z|
2 dz)1/2 and apply the Triangle
inequality, which yields
‖w˜z‖L2 ≤ (
∫ L
0
1
T 2
(
∫ L
z
h(y2)dy2)
2dz)
1
2+
(
∫ L
0
1
T 2
(
∫ L
z
kg(y2)
∫ L
0
g(y1)f(y1)dy1dy2)
2dz)
1
2 .
Thus, by means of (18) and due to the fact that
∫ L
z
h2dy2 ≤∫ L
0 h
2dz = ‖h‖
2
L2
holds, we obtain
‖w˜z‖L2 ≤ C ‖h‖L2
1
T
L
1
2+
C(
∫ L
0
1
T 2
∫ L
z
k2g2(y2)(
∫ L
0
g(y1)f(y1)dy1)
2dy2dz)
1
2 .
(19)
Next, we apply the Cauchy-Schwarz inequality to the sec-
ond term of the right-hand side in (19), which enables
us to find the estimate ‖w˜z‖L2 ≤ C(‖f‖H1 + ‖h‖L2).
Similarly, by means of the 2nd line of (15) we are able
to deduce ‖w˜zz‖L2 ≤ C(‖f‖H1 + ‖h‖L2). Moreover, if
we substitute (17) in ‖w˜‖L2 = (
∫ L
0
|w˜|2 dz)1/2, we find
‖w˜‖L2 ≤ C(‖f‖H1 +‖h‖L2), and hence, we have ‖w˜‖H2 ≤
C(‖f‖H1 + ‖h‖L2). Since from the first line in (15) we im-
mediately get ‖p˜‖H1 = ρ ‖f‖H1 , we can state the important
estimate
‖w˜‖H2 + ‖p˜‖H1 ≤ C(‖f‖H1 + ‖h‖L2) ,
which shows that A−1 maps bounded sets in X into bounded
sets in K.
The boundedness of A−1 implies that λ = 0 cannot be
an eigenvalue of A, and hence, it follows that 0 ∈ ρ(A),
the resolvent set of A. Furthermore, since D(A) is dense
in X and A is dissipative, all requirements for the variant
of the Lumer-Phillips theorem according to [20, Thm. 1.2.4]
are met, and therefore, we are able to show that A is the
infinitesimal generator of a C0-semigroup of contractions on
X . That is, the norm ‖χ(t)‖X remains bounded for t→∞;
however, with respect to the observer error it is necessary that
it tends to 0, which is shown in the following subsection.
B. Asymptotic Stability of the Observer-Error System
Now, the objective is to apply LaSalle’s invariance princi-
ple in order to prove the asymptotic stability of the observer
error, where the proof follows the intention of [22, Sec. 3].
However, the applicability of LaSalle’s invariance principle
according to [1, Thm. 3.64] requires the precompactness of
the solution trajectories, which is not ensured in the infinite-
dimensional scenario. Since in the previous section we have
shown that A−1 is bounded, by means of the Sobolev
embedding theorem, it follows that A−1 is compact (see
proof of Lemma 2.4 in [3] or [1, p. 201]), which further
implies the precompactness of the trajectories, see [2, Rem.
4.2].
In light of LaSalle’s invariance principle, we investigate
the set S = {χ ∈ X|
˙˜
H = 0}, where
˙˜
H (w˜, p˜) =
−k(
∫ L
0
g(z) 1ρ p˜dz)
2 = 0 implies
∫ L
0
g(z) 1ρ p˜dz = 0. In the
set S we have
ρw˜tt = T w˜zz , (20a)
w˜(0, t) = 0 , (20b)
T w˜z(L, t) = 0 , (20c)
which is similar to the problem considered in [22, Sec.
3]; however, the restriction describing the set S, which is
constrained to the boundary there, is completely different.
To be able to show that the only possible solution in S is
the trivial one, we need to investigate the general solution
of (20). To this end, like in [22, Sec. 3], we first focus on
determining the eigenvalues and eigenfunctions of (20), i.e.
we consider
A¯
[
φ κ
]T
=
[ κ
ρ Tφzz
]
= λ
[
φ κ
]T
. (21)
From (21) we obtain κ = ρλφ and furthermore
φzz =
λ2
ϑ2
φ , (22a)
φ(0) = 0 , (22b)
φz(L) = 0 , (22c)
where ϑ2 = Tρ . To find the solution of (22), we have to
investigate the three cases λ2 > 0, λ2 = 0 and λ2 < 0
in the following. For λ2 > 0 and λ2 = 0, we have the
ansatz φ(z) = Ae
λ
ϑ
z + Be−
λ
ϑ
z and φ(z) = Az + B,
respectively, where by means of the boundary conditions
(22b) and (22c), one can easily deduce that for both cases
only the trivial solution φ(z) = 0 exists. Thus, we focus
on the case λ2 < 0, and consequently, due to the fact
that λ has an imaginary character then, as ansatz for the
eigenfunctions we have φ(z) = A sin( |λ|ϑ z) + B cos(
|λ|
ϑ z).
To fulfil the boundary condition (22b), B = 0 must be
valid, and hence, the ansatz simplifies to φ(z) = A sin( |λ|ϑ z).
Furthermore, by means of the boundary condition (22c), we
find ∂zφ(L) =
|λ|
ϑ A cos(
|λ|
ϑ L) = 0, which exhibits infinitely
many non-trivial solutions for
|λk| = (k −
1
2
)
π
L
ϑ , (23)
with k = 1, 2, . . .. With regard to the investigation of the set
S, the velocity of the vibrating string is of particular interest.
Consequently, since we deduced the (imaginary) eigenvalues
λk = ±iωkϑ with ωk = (k−
1
2 )
pi
L , the ansatz for the general
solution of the velocity can be given according to
w˜t(z, t)=
∞∑
k=1
(ak cos(ωkϑt)+bk sin(ωkϑt))ϕk(z), (24a)
where the coefficients Ak are hidden in ak and bk, and
therefore, for the eigenfunctions we use ϕk(z) = sin(ωkz)
here and in the sequel. Hence, an integration of (24a) yields
w˜(z, t)=
∞∑
k=1
(ak sin(ωkϑt)−bk cos(ωkϑt))
ϕk(z)
ωkϑ
. (24b)
By means of sin(x) = 12i (e
ix − e−ix) and cos(x) =
1
2 (e
ix + e−ix), after a straightforward computation we can
beneficially rewrite (24) according to
[
w˜(z, t)
w˜t(z, t)
]
=
∞∑
k=1
cke
iωkϑt
[
−i ϕkωkϑ
φk
]
+ . . .
∞∑
k=1
c−ke
−iωkϑt
[
i ϕkωkϑ
φk
]
,
where the coefficients ck =
1
2 (ak − ibk) and c−k =
1
2 (ak + ibk) fulfil (see [22, Eq. (3.19)])
∞∑
k=1
|c±k|
2
=
∞∑
k=1
(
a2k + b
2
k
)
<∞ , (25)
which will play an important role later. Thus, we are able to
write
∫ L
0
g(z) 1ρ p˜dz =
∫ Lp2
Lp1
w˜tdz = 0 as
∫ Lp2
Lp1
∞∑
k=1
(cke
iωkϑt + c−ke
−iωkϑt) sin(ωkz)dz = 0 . (26)
Now, we show that the only solution in S is the trivial
one, i.e. c±k = 0∀k ≥ 1 is valid. Otherwise, if there exists
a k0 with |ck0 | 6= 0, due to (25) we can find a K > k0 such
that ∣∣∣∣∣
∫ Lp2
Lp1
∞∑
k=K
ckϕkdz
∣∣∣∣∣ <
∣∣∣∣∣ck04
∫ Lp2
Lp1
ϕk0dz
∣∣∣∣∣ (27a)∣∣∣∣∣
∫ Lp2
Lp1
∞∑
k=K
c−kϕkdz
∣∣∣∣∣ <
∣∣∣∣∣ck04
∫ Lp2
Lp1
ϕk0dz
∣∣∣∣∣ (27b)
holds, i.e. the sum of the coefficients fromK to∞ multiplied
with their corresponding eigenfunctions can be bounded by
ck0 and ϕk0 . Here, it is assumed that
∫ Lp2
Lp1
sin(ωk0)dz 6= 0,
i.e. ωk0 6=
2pi
Lp2−Lp1
j with j ∈ N+. However, if we consider
the absolute value of the eigenvalues (23), we find that this
is ensured for a proper choice of the length of the in-domain
actuator according to Lp2 − Lp1 6=
4L
2k−1 . Consequently,
because ωk 6= ωl∀k 6= l, for t > 0 we can reformulate
0 2 4 6 8 10
0
5 · 10−2
0.1
0.15
t (s)
w
| L
(m
)
w|L
wˆ|L
Fig. 1: Comparison of the string deflection w(L, t) and the
observer state wˆ(L, t).
(26) as
− ck0
∫ Lp2
Lp1
ϕk0dz =
∫ Lp2
Lp1
{
K∑
k=1,k 6=k0
cke
i(ωk−ωk0 )ϑtϕk+
+
∞∑
k=K+1
cke
i(ωk−ωk0)ϑtϕk +
K∑
k=1
c−ke
−i(ωk+ωk0 )ϑtϕk+
+
∞∑
k=K+1
c−ke
−i(ωk+ωk0)ϑtϕk}dz . (28)
Next, the idea is to integrate (28) with respect to the time
t and to investigate the absolute value. Hence, we find that
the right-hand side of∣∣∣∣∣ck0
∫ Lp2
Lp1
ϕk0dz
∣∣∣∣∣ t ≤
2
∣∣∣∣∣∣
∫ t
0
∫ Lp2
Lp1
{
K∑
k=1,k 6=k0
cke
i(ωk−ωk0)ϑτϕk}dzdτ
∣∣∣∣∣∣+
+ 2
∣∣∣∣∣
∫ t
0
∫ Lp2
Lp1
{
K∑
k=1
c−ke
−i(ωk+ωk0 )ϑτϕk}dzdτ
∣∣∣∣∣ , (29)
where we used (27) to obtain an estimation for the sums
from k = K + 1 to k = ∞, is bounded for all t ≥ 0.
Since for an appropriate choice of the actuator-length it is
ensured that the integral on the left-hand side cannot vanish,
the only possibility that inequality (29) holds for t → ∞
is that ck0 = 0 is valid. Thus, it is shown that the only
possible solution in S is the trivial one, which finally proves
the asymptotic stability of the observer error and therefore
justifies the application of the observer developed in [11].
Furthermore, in Figure (1), the comparison of the string
deflection w(L, t) and the observer state wˆ(L, t) is depicted,
where the tip of the string is moved from w(L, 0) = 0 to
w(L, tend) = 0.1 and the observer state is initialised as
wˆ(L, 0) = 0.1.
V. CONCLUSION AND OUTLOOK
In this paper, the asymptotic stability of an observer error
of an in-domain actuated vibrating string, where the observer
has been developed in [11], was investigated. First, we
showed that the linear operator, which describes the observer
error as an abstract Cauchy problem, is the infinitesimal
generator of a contraction semigroup. Second, by means of
LaSalle’s invariance principle the asymptotic stability of the
observer error was proven. In fact, by choosing the length
of the actuator properly, it was shown that the only possible
solution for
˙˜
H = 0 is the trivial one, which implies that
the observer error tends to zero. Future-research tasks might
deal with the stability analysis of the closed loop obtained
by the controller design presented in [11], or even with the
stability investigation of the combination of controller and
observer.
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